Abstract. In terms of the hypergeometric method, we give the extensions of two known series for π. Further, other twenty-nine summation formulas for π, π 2 and 1/π with free parameters are also derived in the same way.
Introduction
For a complex number x and an integer n, define the shifted factorial by Then we have the following two relations:
Γ(x + n) = Γ(x)(x)n, Γ(x)Γ(1 − x) = π sin(πx) , which will frequently be used without indication in this paper.
Following Bailey [4] , define the hypergeometric series by 1+r Fs a0, a1, · · · , ar b1, · · · , bs z =
Then a simple 2F1-series identity (cf. [30, Eq. (26) ]) can be stated as 
where |x| < 1.
Two beautiful series for π (cf. [30, Eq. (23) and (27) ]) implied by it read as
Recall the 7F6-series identity due to Chu [15 
provided that Re(
Recently, Chu [16, 17] and Liu [27, 28] deduced many surprising π-formulas from several known hypergeometric series identities. Thereinto, Chu [15] showed that (4) implies the Ramanujan-type series for 1/π with three free parameters:
where m, n, p ∈ Z with min{m − n, m − p, m − 2n − 2p} ≥ 0 and Liu [28] showed that (4) implies the Ramanujan-type series for 1/π with four free parameters:
where m, n, p, q ∈ Z with min{m − n, m − n − p − q − 1} ≥ 0. More π-formulas can be found in the papers [1] - [3] , [5] - [14] , [18] , [19] - [26] and [29] - [33] .
Inspired by these work just mentioned, we shall explore further the relations of π-formulas and hypergeometric series. The structure of the paper is arranged as follows. Seven π-formulas with free parameters including the extensions of (1) and (2) will be derived from (3) in section 2. Twenty-four π-formulas with free parameters other than (5) and (6) will be deduced from (4) in section 3.
2. Summation formulas for π and π 2 with free parameters implied by Chu's 7F6-series identity Letting s → ∞ for (3), we obtain the following equation:
) .
Subsequently, one summation formula for π with two free parameters, five summation formulas for π with three free parameters and one summation formula for π 2 with three free parameters will respectively be derived from (7).
Choosing b = 1 + m, c = 1 + n in (7) and then letting a → ∞, we achieve the extension of (1). Theorem 1. For m, n ∈ N0, there holds the summation formula for π with two free parameters:
When m = n = 0, Theorem 1 reduces to (1) exactly. Other two examples of the same type are displayed as follows.
Example 1 (m = 1 and n = 0 in Theorem 1).
Example 2 (m = 2 and n = 0 in Theorem 1).
Making a = + n and c = 3 4 + p in (7), we attain the equation.
Theorem 2. For m, n, p ∈ Z with min{m, m − n − p} ≥ 0, there holds the summation formula for π with three free parameters:
Two examples from Theorem 2 are laid out as follows.
Example 3 (m = n = 1 and p = 0 in Theorem 2).
Example 4 (m = 2 and n = p = 1 in Theorem 2).
A beautiful result should be mentioned. Fixing a = − 
+ n and c = 5 6 + p in (7), we get the extension of (2).
Theorem 3. For m, n, p ∈ Z with min{m, m − n − p} ≥ 0, there holds the summation formula for π with three free parameters:
When m = n = 1 and p = 0, Theorem 3 reduces to (2) exactly. Other two examples of the same type are displayed as follows.
Example 5 (m = 2 and n = p = 1 in Theorem 3).
Example 6 (m = 3, n = 2 and p = 1 in Theorem 3).
+ n and c = + p in (7), we gain the equation.
Theorem 4. For m, n, p ∈ Z with min{m, m − n − p} ≥ 0, there holds the summation formula for π with three free parameters:
Two examples from Theorem 4 are laid out as follows.
Example 7 (m = n = 1 and p = 0 in Theorem 4).
Example 8 (m = 2 and n = p = 1 in Theorem 4).
+ n and c = 7 12 + p in (7), we achieve the equation.
Theorem 5. For m, n, p ∈ Z with min{m, m − n − p} ≥ 0, there holds the summation formula for π with three free parameters:
Two examples from Theorem 5 are displayed as follows.
Example 9 (m = n = 1 and p = 0 in Theorem 5).
Example 10 (m = 2 and n = p = 1 in Theorem 5).
+ n and c = 11 12 + p in (7), we attain the equation.
Theorem 6. For m, n, p ∈ Z with min{n, p, m − n − p} ≥ 0, there holds the summation formula for π with three free parameters:
Two examples from Theorem 6 are laid out as follows.
Example 11 (m = n = 1 and p = 0 in Theorem 6).
) k (
Example 12 (m = 2 and n = p = 1 in Theorem 5).
+ m, b = 1 + n and c = 1 + p in (7), we get the equation.
Theorem 7. For m, n, p ∈ Z with min{n, p, m − n − p} ≥ 0, there holds the summation formula for π 2 with three free parameters:
Two examples from Theorem 7 are displayed as follows.
Example 13 (m = n = p = 0 in Theorem 7).
Example 14 (m = 2 and n = p = 1 in Theorem 7).
3. Ramanujan-type series for 1/π with free parameters implied by Dougall's 5F4-series identity
In this section, ten Ramanujan-type series for 1/π with three free parameters and fourteen Ramanujan-type series for 1/π with four free parameters other than (5) and (6) will respectively be deduced from (4).
Taking a = )m−n−p ( 1 6 )n(
Choosing a = + n, c =
6
+ p in (4) and then letting d → ∞, we achieve the equation.
Theorem 9. For m, n, p ∈ Z with min{m − n, m − p, m − 2n − 2p − 1} ≥ 0, there holds the Ramanujan-type series for 1/π with three free parameters:
)m−n−p ( )n(
Making a = 
Setting a = 
Taking a = Theorem 12. For m, n, p ∈ Z with min{m − n, m − p, m − 2n − 2p} ≥ 0, there holds the Ramanujan-type series for 1/π with three free parameters:
)m−n−p (
Choosing a = + p in (4) and then letting d → ∞, we achieve the equation.
Theorem 13. For m, n, p ∈ Z with min{m − n, m − p, m − 2n − 2p − 1} ≥ 0, there holds the Ramanujan-type series for 1/π with three free parameters:
)m−n−p ( 1 12 )n( 
)m−n−p ( 5 12 )n(
) k+m ( 5 12 ) k+n (
Taking a = + n, c = 7 12 + p in (4) and then letting d → ∞, we gain the equation.
Theorem 16. For m, n, p ∈ Z with min{m − n, m − p, m − 2n − 2p} ≥ 0, there holds the Ramanujan-type series for 1/π with three free parameters:
)m−n−p ( 7 12 )n(
) k+m ( 7 12 ) k+n (
12
Theorem 17. For m, n, p ∈ Z with min{m − n, m − p, m − 2n − 2p − 1} ≥ 0, there holds the Ramanujan-type series for 1/π with three free parameters:
)m−n−p ( 11 12 )n(
) k+m ( 11 12 ) k+n (
Making a = + q in (4), we attain the equation.
Theorem 18. For m, n, p, q ∈ Z with min{m − n, m − p, m − n − p − q} ≥ 0, there holds the Ramanujan-type series for 1/π with four free parameters: 
) k+m−q (3 + 4m + 8k).
Taking a = + q in (4), we gain the equation.
Theorem 20. For m, n, p, q ∈ Z with min{m − n, m − n − p − q − 1} ≥ 0, there holds the Ramanujan-type series for 1/π with four free parameters:
) k+m−q
(1 + 2m + 4k).
Choosing a = + q in (4), we achieve the equation.
Theorem 21. For m, n, p, q ∈ Z with min{m − n, m − p, m − n − p − q} ≥ 0, there holds the Ramanujan-type series for 1/π with four free parameters:
(1 + 3m + 6k).
Making a = )m−n−p−q−1(
) k+m−q (2 + 3m + 6k).
Setting a = + n, c = 
) k+m−q (1 + 6m + 12k).
Theorem 24. For m, n, p, q ∈ Z with min{m − n, m − p, m − n − p − q − 1} ≥ 0, there holds the Ramanujan-type series for 1/π with four free parameters:
)m−n−p−q−1( )n(
) k+m−q (5 + 6m + 12k).
Theorem 25. For m, n, p, q ∈ Z with min{m − n, m − n − p − q − 1} ≥ 0, there holds the Ramanujan-type series for 1/π with four free parameters:
)m−n−p(
) k+m−q (1 + 2m + 4k).
)m−n−p( )n( ) k+m−q
(1 + 12m + 24k). + n, c = )m−p−q ( 11 12 )m−n−p−q−1( )n( ) k+m ( 7 12 ) k+n ( ) k+q k!(k + m − n)!(k + m − p)!( 13 12 ) k+m−q (7 + 12m + 24k).
Theorem 29. For m, n, p, q ∈ Z with min{m − n, m − p, m − n − p − q − 1} ≥ 0, there holds the Ramanujan-type series for 1/π with four free parameters:
)m−n−p( )m−n−q(
